We study the shadows cast by near-extremal Kerr-MOG black holes for different values of the parameter in modified gravity (MOG). In particular, we consider an isotropic emitter orbiting near such black holes and analytically compute the positions, fluxes and redshift factors of their images. The size of the shadow decreases when the modified parameter is increased. For each shadow, the images of the emitter appear on a special part of the shadow which has a rich structure. The primary image and secondary images are similar to those produced for the near-extremal (high spin) Kerr black hole, but the near-extremal Kerr-MOG black hole can have a spin (Ĵ/M 2 α ) which is finitely lower than 1. When the modified parameter is varied, the typical positions of the corresponding images do not change, nor does the typical redshift factor associated with the primary image. However, another typical redshift factor associated with the secondary image increases when the modified parameter is increased. We also find that the fluxes increase in that case. These images appear periodically with period greater than that of Kerr. This provides an alternative signature away from the Kerr case which may be tested by the Event Horizon Telescope.
I. INTRODUCTION
Black holes play an important role both in understanding gravity theories and in explaining astronomical phenomena. There have been abundant observational evidences for black holes in our universe [1] [2] [3] . Inspiringly, we are entering a new era of more precise astronomical observations with the efforts of LIGO, Virgo, the Event Horizon Telescope (EHT), ATHENA, SKA, eLISA, et al [4] [5] [6] [7] [8] [9] . Among those, EHT is particularly interesting since it aims at observing the event horizon of a black hole which is its most striking feature. Thus we will be able to observe black holes significantly closer to the event horizon and obtain their images (shadows). Hence there is an urgent need for theoretical templates to identify the images that one expects to observe. This has stimulated recent theoretical works predicting the signals that EHT may possibly observe [10] [11] [12] [13] [14] [15] [16] and examining the type of properties of gravity that the shadows can inform us of [17, 18] .
Recently, an analytical method was proposed to compute the observational signature of a near-extremal (high spin) Kerr black hole [15] . The authors considered an isotropically emitting point source ("hot spot") orbiting near a rapidly spinning Kerr black hole and found that the primary image and secondary images appear on a vertical line segment which constitutes a portion of the black hole shadow. Ref. [15] also discussed the positions, fluxes and redshift factors of these images in detail, which provide a unique signature for identifying a high spin Kerr black hole if detected by observations.
Even though the Kerr solution predicted by general relativity (GR) is expected to describe astrophysical black holes, there are indications both from physics and astrophysics that GR is modified. Therefore, it is important to obtain templates based on different gravitational theories [19] [20] [21] [22] [23] [24] [25] [26] . One of these candidates is the scalar-tensorvector (STVG) modified gravitational (MOG) theory [26] which has successfully explained the rotation curves of galaxies [27] and dynamics of galactic clusters [28] without input of dark matter haloes. The static and rotating solutions of MOG were obtained in Ref. [29] and followed by research works examining various aspects of these black holes [30] [31] [32] [33] [34] [35] [36] [37] [38] . The particular case of rotating black holes known as Kerr-MOG black holes have gained more astrophysical interests since the observed black holes are thought to be rotating. For example, the particle dynamics [36] , the innermost stable circle orbit [34] , the accretion disks [35] and the relativistic jets [33] have been studied. Furthermore, the shadows cast by MOG black holes have been studied in Ref. [31] , in which it was shown that the sizes of these shadows increase significantly as the free modified parameter is increased. However, the shadow is expected to exhibit further signals which need to be clarified, such as its shape and images of orbiting hot spots (if any) on it.
The aim of this paper is to obtain the shadow cast by a near-extremal Kerr-MOG black hole, following the method of Ref. [15] . Moreover, we will study the images of an isotropically emitting point source orbiting this black hole to explore further signatures. We find that when the modified parameter is increased, the sizes of shadows cast by near-extremal Kerr-MOG black holes decrease. The signals produced by the orbiting hot spot are similar to those produced in a high spin Kerr (the extremal value of the reduced spin is 1) [15] . However, the extremal Kerr-MOG black hole can have a reduced spin with a finite amount below 1 (for the cases we will consider, it ranges from 0.717 to 1) which gives a wider range of possible spin for a near-extremal astrophysical black hole. Furthermore, the observational appearance of the hot spot is also quantitatively different from Kerr. For example, when the modified parameter is increased from zero, the flux increases and the typical redshift factor for the secondary images also increases. These signatures appear periodically with period greater than that of Kerr. The critical allowed inclination for an observer to see this effect also increases in the MOG cases. This provides other possible signatures for the EHT to test.
We organize this paper as follows. In Sec. II, we set up the ray-tracing problem for a general Kerr-MOG black hole and write down the equations to be solved. In Sec. III, we solve the equations in the near-extremal limit to leading order in the deviation from extremality. In Sec. IV, we compute the shadow of a non-extremal Kerr-MOG black hole and discuss its near-extremal limit. In Sec. V, we present our results with figures and discuss these in detail. We furthermore compare our results with that of the Kerr black hole. In App. A, we introduce the computational method for the integrals that appear in our analysis and list the related results. We follow the conventions of Ref. [15] , but use (x, y) to denote the apparent positions of the images instead of (α, β). We use α (and β) to describe the parameter of the MOG theory.
II. ORBITING EMITTER NEAR KERR-MOG BLACK HOLE
The Kerr-MOG black hole is a stationary, axisymmetric solution of the Scalar-Tensor-Vector Gravity (STVG) or modified gravity (MOG) theory [26] . The metric in Boyer-Lindquist coordinate reads [29] ,
where we have set Newton's constant G N = 1 and defined
with
where M and a are mass and spin parameters of the black hole and α is the deformation parameter defined by G = G N (1 + α) with G being an enhanced gravitational constant [29] . M α andĴ = M α a are respectively the ADM mass and angular momentum of the Kerr-MOG metric [39] . In addition,
is the gravitational charge of the MOG vector field [29, 39] . Solving the equation ∆ = 0 gives radii of the inner and outer event horizons,
The extremal limit is obtained for
Note that the quantities under the square roots of (4) and (5) should be non-negative, thus we obtain physical bounds on the parameter α as [39] 
We assume that there exists an isotropic point source orbiting on a circular, equatorial geodesic at radius r s . The angular velocity of this source is [39] 
where
and the plus or minus sign corresponds to direct (positive angular momentum) and retrograde orbits respectively.
Here and hereafter, we use the subscript s to represent "source".
A. Photon conserved quantities along trajectories
The photon trajectories which connect a source to an observer are null geodesics in the Kerr-MOG spacetime. There are four conserved quantities for a photon along its trajectory: the invariant mass µ 2 = 0, the total energy E, the angular momentum L and the Carter constant Q [40] . It is convenient to scale out the energy E from the trajectory by introducing two rescaled quantities related to the conserved quantities L and Q aŝ
Note that the Carter constant Q is non-negative for any photon passing through the equator plane and that onlŷ q 2 appears in subsequent formulas, we will always have realq > 0 for the photons we consider.
Using the Hamilton-Jacobi method we obtain the raytracing equations, which connect a source (t s , r s , θ s , φ s ) to an observer (t o , r o , θ o , φ o ), as [29, 40] :
The function R(r) is called the radial "potential" and Θ(θ) is called the angular "potential". R(r) = 0 corresponds to turning points in the r direction and Θ(θ) = 0 corresponds to turning points in the θ direction. Here and hereafter, the subscript o stands for "observer".
Since the integrals are to be evaluated as path integrals along a trajectory connecting the two points, we have used the slash notation − to distinguish them from ordinary integrals. The r and θ turning points occur any time when the effective potential R(r) = 0 or Θ(θ) = 0. The signs ± in these geodesic equations are chosen to be the same as those of dr and dθ respectively, such that both LHS and RHS of Eq. (10a) are always positive. Given these turning points, there are different possibilities for light connecting a source to an observer. Thus we will introduce parameters b, m, s to distinguish them. For the radial direction, we let b = 0 label those direct trajectories with no turning points and b = 1 label those reflected trajectories with one turning point. For the θ direction, we use m ≥ 0 to record the number of turning points and use s ∈ {+1, −1} to denote the final sign of p θ (the θ-component of the photon's four-momentum).
Since the unknowns φ s and t s are related by φ s = Ω s t s , it follows from Eqs. (10b) and (10c) that
We will place the observer at φ o = 2πN for an integer N (physically equivalent to φ o = 0) for all time t o . Plugging φ o = 2πN into Eq. (12), one can see that N is the net winding number which records the extra windings executed by the photon relative to the emitter between its emission time and reception time [15] . Then the raytracing Eqs.(10) can be re-expressed as the "Kerr-MOG lens equations"
where we have introduced the factor of M α to make both equations dimensionless, and I r ,Ĩ r , J r ,J r and G m,s i (i ∈ {t, θ, φ}) are defined in the same way as Ref. [15] (See also App. A).
For each choice of net winding number N ∈ Z, polar angular turning points m ∈ Z ≥0 , final vertical orientation s ∈ {+1, −1}, and radial turning point number b ∈ {0, 1}, each photon trajectory is labeled by a pair of conserved quantities (λ,q), which connects the source to an observer. In other words, for given values of N , m, s, b,λ andq, Eqs. (13) (12)). For a distant observer we have r o = ∞ and for an equatorial source we have θ s = π/2. From another point of view, by solving Eq. (13) for given choice of N , m, s, b and given values of θ o and r s , one may find the functions ofλ andq in terms of t o which are associated with the time-dependent images of the emitter seen by the observer.
B. Observational appearance
Following Refs. [15, 41, 42] , we will now consider the observational appearance of the point emitter: the images positions, redshift factors and fluxes. These observational quantities can be expressed in terms of the conserved quantities.
The apparent position (x, y) of images on the observer's screen is given by
The sign ± is equal to the sign of p θ (i.e., the final vertical orientation s) at the observer, which represents whether the photon arrives from above/below. The "redshift factor" g is given by
where we introduced the boost factor γ, which is defined as
The ratio between the image flux F o and the comparable "Newtonian flux" F N is given by
where we defined
, (18a)
The ± sign in (18a) corresponds to pushing the source above/below the equatorial plane. Note that the conserved quantities (14), (15) and (17) have the same form as that of Kerr [15] , but the difference is implied via the specific expressions for M α ∆ s , ω s and Ω s . If we take α = 0, the above results reduce to the Kerr case (see Ref. [15] ).
III. NEAR-EXTREMAL EXPANSION
Without loss of generality, we take the observer to sit in the northern hemisphere θ o ∈ (0, π/2) and set M α = 1 in the following. We consider an emitter on, or near, the (prograde) Innermost Stable Circular Orbit (ISCO) of a near-extremal Kerr-MOG black hole. We introduce a dimensionless radial coordinate R for convenience, which is related the Boyer-Lindquist radius r by
We also introduce a small parameter to describe the deviation of the black hole from extremality,
For simplicity, instead of using the parameter α, we will use the spin a in the following expressions as the free parameter that describes the modified black hole. We can get the relation between α and a from (3) and (20), as
Using the standard procedure [43] along with the constraint formula (20) , one finds that the ISCO of a nearextremal Kerr-MOG black hole to the leading order in is at
In terms of the dimensionless radius R, the observer is located at R o = (r o − 1) ≈ r o , while the source orbits on or near the ISCO,
Thus, to leading order in we have
Following Ref. [15, 44] , we will also introduce new quantities λ and q defined bŷ
For later reference, we expand the orbital frequency Ω s and period T s in , leading to the expressions
Note that the orbital frequency/period in the nearextremal Kerr-MOG case is smaller/greater as compared to the near-extremal Kerr case [15] for 0 < a < 1.
If we take a = 1 (corresponding to α = 0), the above results reduce to the Kerr case (see Ref. [15] ).
A. Photon conserved quantities along trajectories
We will find solutions of Eq. (13) (λ,q, or equivalently, λ, q) to leading order in . Note that we must keep the O( 0 ) terms in the equations in order to achieve a quantitative validity at reasonable values of .
First equation
We start by solving the first equation (13a),
The I integrals and G integrals are performed in App. A. Since t o does not appear in the first equation, for given choice of m, s, b, we will express λ as a function of q by plugging the results of integrals in the equation. Following the method of Ref. [15] , for each choice of m, b, s, and q, we obtain the solution of Eq. (27) and the conditions for its existence. The conditions are given bȳ
and the solution is
Here, Υ > 0 is defined by
where D o is defined in (A7) and Gm ,s θ is defined in (A13) and (A14), withm
Note that Υ is independent of R o for large R o .
Second equation
Next we move on to second equation (13b) which gives another relation between t o , λ and q for given choice of m, s, b. We will look for functions λ(t o ) and q(t o ) which are associated with the time-dependent tracks of images. We introduce a dimensionless time coordinatet o such that the emitter has unit periodicity in terms of it,
Eq. (13b) can be rewritten in terms of this dimensionless time coordinate, aŝ
The J integrals and G integrals are given in App. A. Since the problem is periodic, we will consider the single periodt o ∈ [0, 1]. For each given choice of m, s, b having a non-zero range of q satisfying the condition (28), the first equation (13a) gives a function λ(q) ( (29)), the second equation (13b) (or equivalently, Eq. (33)) then gives a functiont o (q) for each choice of an integer N . In the given period 0 ≤t o < 1, N is uniquely determined for each q, and the multivalued inverse q(t o ) corresponds to the time-dependent tracks of images. For each allowed N within the corresponding range of q,t o (q) may either be monotonic or has local maxima and/or minima. For the monotonic ones, we are able to get the inverse q(t o ). For the non-monotonic ones, we dividet o (q) into several invertible parts to get their inverse and label each inverse q i (t o ) with a discrete integer i. The image track can then be divided into several segments which associate with these functions q(t o ), each such track segment is uniquely labeled by (m, b, s, N, i) . Finding all the track segments for all choices of m, b, s, N , i gives the tracks of all the images which associate with the complete observable information. We give an example in Sec. V to describe a practical approach.
Winding number around the axis of symmetry
The winding number around the axis of symmetry for a photon trajectory is n = mod 2π ∆φ, where ∆φ can be obtained from Eq. (10b). Using the method of matched asymptotic expansions (MAE) described in App. A 1, ∆φ is expressed to the leading order in as
Note that this leading order expression scales as −1 .
B. Observational appearance
Recall from the beginning of Sec. III that for nearextremal Kerr-MOG we have
We now expand the observational quantities for an individual image to the leading order in . The quantities involved are the position (14) , the redshift factor (15) and the flux (17).
Image positions and redshift factors
The image position (14) on the observer's screen is expanded as
Note that the leading order of position does not include λ. We should impose a requirement that y is real to make sure the photons can reach infinity, which gives a range of q:
As → 0, Eqs. (36) and (37) gives a vertical line segment on which all images of the hot spot appear. We call this vertical line the NHEK-MOG line, being the analog of NHEKline for Kerr [15] (Sec. IV). We find that there is no range of q at all when θ o < θ crit , which means that the NHEK-MOG line will disappear (Sec. IV) in that case. The redshift (15) is expanded as
Note that the cosines of emissive direction establish an above bound for g [15] , which is
Image fluxes
The ratio of image flux (17) is expanded as
where g and D s are given in Eqs. (38) and (A5), and (see Eq. (36))
and (recall the definition of A and B, the Eq.
where we introduced
The G, I, J integrals and variations of I, J integrals are given in App. A.
IV. SHADOW AND NHEK-MOG LINE
The entire image of a black hole seen from the Event Horizon Telescope is expected to be the black hole "shadow". To understand the images of the emitter better, we compute the edge of a shadow cast by a nearextremal Kerr-MOG black hole. The edge of a black hole shadow is the boundary from where the photons can escape [45] , which corresponds to spherical massless geodesics with fixed r =r.
First, we consider the non-extremal case and restore M α . These "spherical photon orbits" satisfy
where R(r) is defined in (11a) and the prime represents derivative. For a Kerr-MOG black hole we have 0 < a 2 + β 2 < M 2 α . Then from Eq. (44) we get
where Γ(r) is defined in (8) . The shadow edge is the curve (x(r), y(r)) obtained by substituting Eqs. (45) for λ andq into Eq. (14).
A. Extremal limit
Following the procedure of Ref. [15] , we now consider the extremal limit. We set M α = 1 again and let a 2 + β 2 → 1. Then Eq. (45) giveŝ
and the conditionq is real gives the range ofr
The shadow edge is then given by the curve
However, curves given by these equations are not closed in general. We show the curves for different values of a in the dashed line in Fig. 1 . The two endpoints are at the positions wherer =r − = 1, which are given by
Note that there are no endpoints at all when the quantity under the square root is negative, and thus the curve is closed. The condition for an open curve is θ crit < θ o < π − θ crit , where
Therefore, this a 2 + β 2 → 1 limit has missed an important piece for the open curve. To make the curve be closed in that case, we reconsider this limit by introducing an alternative parameterR defined by
As δ → 0, we recover the missing part of the shadow, which is given by
We show this in the solid lines in Fig. 1 and name this segment the NHEK-MOG line which is the analog of the NHEKline in Kerr spacetime [15] . We find the images of an emitter orbiting on (or near) the ISCO appear on the NHEK-MOG line (see from Eq. (36)). Therefore, the extremal limit of the Kerr-MOG black hole shadow is given by the union of the open curve (48) and the NHEK-MOG line (52a).
V. RESULTS AND DISCUSSION
No. a αR ISCO θ crit 1 0.717 0.945 3.317 54.758 We now describe the results with figures and discuss them in detail. First we will look at the whole silhouettes (shadow) of a near-extremal Kerr-MOG black hole and discuss how the size is changed when the free parameter α (we will also equivalently use a as the free parameter in later discussion since there is the relation (21) between them for the near-extremal cases) is changed. Then, we will focus on a special portion of the shadow, which we call the "NHEK-MOG line" (in analogy to the so-called NHEKline in Ref. [15] ), where the images of the point emitter appear. These images have some characteristic features which are similar to that of a near-extremal (high spin) Kerr black hole.
The observable quantities of a hot spot depend on four parameters, ,R, R o , and θ o , as well as an additional free parameter α (in our formulae we use a instead) in MOG theory. To make our approximations sufficiently accurate, one must choose 1 and R o 1 . For the emitter to be on a stable orbit of a near-extremal Kerr-MOG black hole, one must chooseR ≥ 
To guarantee that the ISCO is on the outside of the event horizon and that the gravitational charge K ( (4)) is real, requires choosing the spin a to satisfy √ 2/2 < a ≤ 1 (corresponding to 1 > α ≥ 0). When a = 1 it reduces to the Kerr case. We will consider a special example with the same choice of parameters as in [15] , in order to compare the results. The parameters are as follows:
= 10 −2 ,R =R ISCO = 2a
This describes an emitter (or hot spot) on the ISCO of a near-extremal Kerr-MOG black hole with spin a, viewed from a nearly edge-on inclination. (Note that the parameter a is the spin of a precisely extremal black hole, however, it is also the spin of a near-extremal black hole to leading order in . Here and hereafter, we ignore this difference.) Table I shows the ranges of α,R ISCO and θ crit corresponding to different values of a. We find that R ISCO and θ crit ((50)) increase when α is increased and that a decreases when α is increased. This agrees with Ref. [34] where the authors find that the ISCOs of Kerr-MOG black holes are always greater than that of Kerr black hole.
A. Silhouettes of black hole Fig. 1 shows the edges of near-extremal Kerr-MOG black hole shadows (see Sec. IV). We find that the sizes of shadows cast by a near-extremal Kerr-MOG black hole decrease when the free parameter α is increased from zero. The length of the NHEK-MOG line and the angle corresponding to it also decrease while the free parameter α is increased from zero. In Ref. [31] , Moffat found that the sizes of shadows cast by Kerr-MOG black holes increase significantly as the free parameter α is increased from zero. This is not conflicting with our results because in that paper one compares the sizes of shadows for black holes with same parameter M , while we compare that for black holes with same ADM mass M α = (1 + α)M . 
B. Images on the NHEK-MOG line
Following the procedure of Ref. [15] and using the open numerical code therein, we now show the images of the of an emitter orbiting on ISCO. As discussed in Sec. IV, the images appear on a vertical line, the NHEK-MOG line. These images are photons arriving with different combinations of the discrete parameters m, s, b N as well as an additional label i if the functiont o (q) (or equivalently G(q)) has maxima or minima (see the discussion below Eq. (33)). To show this, we choose m, s, b first and then find the allowed range of N as well as the possible i for those have extra images due to maxima or minima. Fig. 2 shows examples of such segments for a = 1 and a = 0.8. We choose m = 2, b = 0, s = +1 with parameter choices of (53b), which is same as Ref. [15] for comparison. We find that the cases with a = 1 (the Kerr case) and a = 0.8 have similar features but the modified parameter α causes corrections to the associated functions: G decreases and F o /F N increases while a is decreased.
For each track segment q(t o ) labeled by (m, b, s, N, i), we may determine λ(t o ) by Eq. (29) . From these two conserved quantities we may then compute the main observables for the segment. The observables involved are the image position (x, y) (Eq. (36)), the image redshift g (Eq. (38)), and the image flux F o /F N (Eq. (40)). We then build up the complete observable information by including all such track segments. Note that only a few values of N and m are important because the flux of others are vanishingly small (see Fig. 2 and Fig. 4 for details). Below we describe the most important features of the images in Fig. 3 . 2 Fig. 3 shows the main observables for three different values of spin, a = 1, a = 0.8 and a = 0.717, with the small parameters choose as = 0.01. In each case, the green line is a bright primary image while others are secondary images. For a = 1, it reduces to the Kerr case and we see that our results exactly agree with Ref. [15] . For a = 0.8 and a = 0.717 (the critical case), the general features are qualitatively similar to the case of a = 1 but quantitatively corrected. The track segments line up in to continues tracks and flash [15] when different tracks intersect, and the typical positions of images do not change. However, from Fig. 1 we see that the length of the NHEK-MOG line decreases when a is decreased, i.e. the maximum value of the screen coordinate y max decreases when the free parameter α is increased from zero. The flux intensity increases when the black hole spin is decreased. This is also true in the near-extremal Kerr cases when considering different values of (and considering the precise spins of the black holes) [15] since the typical flux scales as / log . In each case for a = 1, 0.8, 0.717, the primary image appears near the center of the NHEK-MOG line before moving downward while blueshifting and spiking in brightness. The winding number of these segments of primary images in the modified cases are decreased when α is increased. For example, the winding numbers range between 17 and 23, 11 and 16, 6 and 8, for spin a = 1, 0.8, and 0.717, respectively (see Fig. 5 ). For the near-extremal Kerr-MOG cases, the peak redshift factors are all at g ≈ 1.6 but correspond to different emission angles. For example, they correspond to light emitted in cones of 27
• , 20
• and 25
• around the forward direction [15] for a = 1, 0.8 and 0.717, respectively. However, another typical redshift factor (corresponding to λ ∼ 0) associated with the secondary images increases when the spin parameter a is decreased, at g = a/ √ 4a 2 − 1. For the near-extremal Kerr cases, both typical redshifts do not change when the spin is increased (by choosing different value of and considering the precise spins of the black holes ) [15] . The reason for this difference is that the range of spin is very limited for the near-extremal Kerr black hole, but it becomes wider for near-extremal Kerr-MOG black holes. This is , q(to) and Fo/FN (q) for a = 1 (light curves) and a = 0.8 (bright curves) with m = 2, b = 0, s = +1 and the parameters choices of (53b). For a = 1, the light yellow, light magenta and light cyan curves have N = −6, −7, −8, respectively, and no extra label i, while the light red, light green and light blue curves have N = −9 and i = 1, 2, 3, respectively. For a = 0.8, the yellow and magenta curves have N = −6, −7, respectively, and no extra label i, while the cyan, red and green curves have N = −8 and i = 1, 2, 3, respectively. Note that for a = 1, the Kerr-MOG case reduce to the Kerr case so that the light curves agree with those in Ref. [15] exactly. (Although the condition (28) allows the whole range of q, we have imposed a small q cutoff since the corresponding image fluxes are negligibly small.)
why we only take = 0.01 into consideration. In addition, the above signatures in the near-extremal Kerr-MOG case appear periodically with period greater than that in near-extremal Kerr case (see Eq. (26)).
The typical redshift factors are related to observations since they could shift the iron line E FeKα = 6.4 keV to 6.4g keV. For blueshifted primary image, the factor g ≈ 1.6 will shift the iron line to 10.2 keV. For redshifted secondary images, the redshift factors for a = 1, 0.8 and 0.717 will shift the iron to 3.7 keV, 4.1 keV and 4.5 keV respectively. However, rather than close to the observed peak at 3.5 keV [46] , they are even more away from it in modified cases than in Kerr case [15] . [15] ), a = 0.8 and a = 0.717 (critical case for there exist ISCO for a near-extremal Kerr-MOG black hole). The color-coding is the same as that of Ref. [15] : each of these colored lines maybe a composed of continuous multiple track segments. For example, the green line (denoting the primary image) is composed of 4, 3, and 3 segments in the a = 1, 0.8, 0.717 cases respectively.
for light that can reach infinity. These equations are very similar to the Kerr case [15] but the differences are implied in the specific expressions of M α , ∆, Ω s and J r .
We then get the radial integrals in the limit → 0 by using the matched asymptotic expansion (MAE) method which was introduced in Ref. [15, 44] . [15] ), a = 0.8 and a = 0.717 (critical case for there exist ISCO for a near-extremal Kerr-MOG black hole) with parameter choices of (53b). Note that as mentioned below Fig. 3 , the single primary image for each case is a composed of multiple track segments.
a. First example: Ir
We first perform the LHS integral of Eq. (A1a). We set M α = 1 in the following. For near-extremal Kerr-MOG black hole, we have (according to (35) 
We will use the dimensionless radial coordinate R = r − 1. We introduce constants 0 < p < 1 and C > 0 to split the integral into two pieces
The scaling of p introduces a separation of scales p 1 as → 0, such that the first part of the integral is in the near horizon region R ∼ and the second in the far region R ∼ 1.
In the near horizon region, we make the change of variables x = R/ and expand in at fixed x. Thus the first part of the integral is:
where D s is defined as
In the far region, we expand in at fixed R. The second integral then reads:
where D o is defined as
By adding Eqs. (A4) and (A6), we get the complete integral:
b. Second example:Ĩr
Next we perform the RHS integral of Eq. (A1a). This integral is in the near horizon region R ∼ . Introducing x = R/ , we get the larger root of R(r) = 0 as:
For λ > 0, the turning point is inside the horizon, so that we should exclude that case. However, since we have the 1/∆ factor in Eq. (A1c) (which is meaningless when it goes through the horizon), the integral ofJ r does not exist at all in that case which precludes the existence of a valid geodesic trajectory. Therefore, we may still compute the integral regardless whether λ is negative or positive. Then we also set M α = 1 and get the integral as The remaining radial integrals J r andJ r (Eq. (A1b)) can be obtained using these methods. Note that the integralJ r is only valid when λ < 0 since it does not exist when λ > 0 (see the discussion below (A9)). We now list all of the radial integrals appearing in the Kerr-MOG equations (13) 
where D s and D o are defined in Eqs. (A5) and (A7). Next, the variations are 
Angular integrals
The angular integrals appearing in the "Kerr-MOG lens equations" (13) are defined as [15] 
